We present a technique for building, in some Cayley graphs, a routing for which the load of every edge is almost the same. This technique enables us to nd the edge-forwarding index of star graphs and complete-transposition graphs.
Introduction
For a group G and a generating subset S G such that 1 = 2 S and S ?1 = S, the Cayley graph Cay(G; S) is de ned as follows. The vertex set of Cay(G; S) is Proposition 1 ( 4] ) Let ? be a simple connected graph of order n. Then M.C. Heydemann, J.C. Meyer and D. Sotteau have proved that in any Cayley graph there exists a vertex-uniform routing of shortest paths ( 7] ); the routings they have de ned will be called HMS-routings. M.C. Heydemann, J.C. Meyer and D. Sotteau introduced in 7] similar concepts for the edges of a graph. The load of an edge e in a given routing R of a graph ?, denoted by (?; R; e), is the number of paths of R going through e. A routing for which the load of all edges is the same will be called an edge-uniform routing. The edge-forwarding index of (?; R), denoted by (?; R), is the maximum number of paths of R going through any edge of ? : (?; R) = max e2E (?; R; e) and the edge-forwarding index of ? is de ned as (?) = min R (?; R). The following result gives a lower bound for the edge-forwarding index.
Proposition 2 ( 7] ) Let ? = (V; E) be a simple connected graph of order n. Despite the similarity of the two notions, it is not true that in any Cayley graph there exists an edge-uniform routing of shortest paths as can be seen by considering the cartesian sum of complete graphs K 2 and K p for p 3 ( 7] ). Moreover, it is shown in 6] that it is impossible to nd an edgeuniform routing of shortest paths in recursive circulant graphs G(2 m ; 4) for m 3. However, C. Delorme in 3] and P. Sol e in 9] have found in nite families of Cayley graphs in which such routings exist. In this paper we present a framework to nd, in some Cayley graphs, routings of shortest paths for which the load of every edge is almost the same and apply it to star graphs and complete-transposition graphs.
HMS-routings in Cayley graphs

De nition
Let Cay(G; S) be a Cayley graph. Let 1 denote the identity element of G. It is easy to see that, for each g in G, the permutation g of G de ned by g (h) = gh is an automorphism of Cay(G; S) (i.e. a bijection that preserves adjacency). A HMS-routing R is de ned as follows. For every vertex v 6 = 1 in V , R(1; v) is a shortest path from 1 to v. For any x and y in V the path from x to y is de ned by R(x; y) = x (R(1; x ?1 y). It (1; v) ), be the pairs of adjacent vertices of R(1; v) which are of type s. Let Remark : This proposition shows that, for a HMS-routing, the load of an edge depends only on its type. Moreover, if we can choose the shortest paths R(1; v) such that the number P v2G;v6 =1 s (R(1; v))+ P v2G;v6 =1 s ?1 (R(1; v)) is (almost) the same for every s 2 S, then the routing R is not far from being edge-uniform. We shall use this property to construct routings of shortest paths in star graphs and complete-transposition graphs. In a Cayley graph Cay(G; S) the problem of nding a shortest path from 1 to a vertex v is equivalent to nding a minimal length generating sequence for the element v. In addition we want each generator s to occur (almost) the same number of times in the decomposition of all v in G. The problem of nding a minimal length generating sequence is known to be NP-hard ( 5] ). This observation shows that our framework cannot be used in arbitrary Cayley graphs. Before applying it to two families of graphs, we give in the next section a result on matchings in bipartite graphs which will be helpful for our proofs.
Matchings in bipartite graphs
Let G be a bipartite graph with bipartition (X; Y ). We denote by the maximum degree of vertices of X. For i = 1; 2; : : :; , let X i be the set of vertices of X of degree i. Let S n be the symmetric permutation group over f1; 2; : : :; ng. For i = 2; : : :; n, we denote by t i the transposition that swaps 1 and i. The n-star graph St n is the Cayley graph de ned on S n , generated by the transpositions t i , i = 2; : : :; n. In other words, the vertices of St n are the permutations of the set f1; 2; : : :; ng; a permutation is connected to every other permutation that can be obtained from it by exchanging the rst symbol with any of the other symbols. St 3 is the cycle on 6 vertices, gure 1 gives an illustration of St 4 .
In 1], S.B. Akers and B. Krishnamurthy examine the properties of the star graph and show that it is an especially attractive alternative to the n-cube.
Edge-forwarding index
The following theorem shows that the edge-forwarding index of the n-star graph achieves (within one) the lower bound of proposition 2. Proof : We are going to de ne a HMS-routing of St n for which the load of an edge is at most the upper bound. Recall that nding a shortest path from id to any is equivalent to nding a minimal length generating sequence (MLGS for short) for .
Any permutation 2 S n is a product of disjoint cycles : = Q k i=1 C i where -C 1 is the cycle containing 1; if 1 is a xed point of , C 1 has length 1 -for i 2, C i is a cycle of length at least 2. We denote by`(C i ) the length of the cycle C i . Let C 1 = (1; a 1 ; a 2 ; : : :; a k ) with k =`(C 1 ) ? 1. Then C 1 = t a k t a k?1 : : :t a 1 . If k = 0, we have C 1 = id. Notice that each generator t a k ; t a k?1 ; : : :; t a 1 appears exactly once in this sequence. For i 2, C i = (a 0 ; a 1 ; a 2 ; : : :; a k ) with k =`(C i ) ? 1. Then C i = t a 0 t a k t a k?1 : : :t a 1 t a 0 :
Notice that the generator t a 0 occurs twice in this sequence, the generators t a k ; t a k?1 ; : : :; t a 1 exactly once . Using this, we can express as a product of transpositions t i . The number of them is`(
This is a MLGS for since, in the n-star graph, this number is the distance from id to (see 1] or 8]).
Observe that, for each i; 1 i k, the cycles (a 0 ; a 1 ; a 2 ; : : :; a k ) and (a i ; a i+1 ; : : :; a k ; a 0 ; : : :; a i?1 ) are equal (subscripts addition is modulo k+1). In each C i , i 2, we must correctly choose the generator which is used twice. To this aim we construct a bipartite graph B with bipartition (X; Y ).
The set X is the set of all ordered pairs ( ; C i ) where 2 S n and 2 i k . Let C be a cycle of length i; i 2 which does not contain 1. There exist (n ? i)! permutations having C as a factor in their decomposition into a product of disjoint cycles. For 2 i n ? 1, the number of ordered isubsets of f2; 3; : : :; ng is (n?1)! (n?1?i)! . But the i ordered subsets (a 1 ; a 2 ; : : :; a i ), (a 2 ; : : :; a i ; a 1 ), (a 3 ; : : :; a i ; a 1 ; a 2 ), : : :,(a i ; a 1 ; a 2 ; : : :; a i?1 ) give rise to the same cycle. Therefore, the number of cycles of S n of length i; i 2 which Now we can de ne a mapping C from X into f2; 3; : : :; ng by : C( ; C i ) = k if and only if, for some j, ( ; C i ) and (k; j) are matched under the previous matching. The mapping C selects an element in each cycle without 1 of a permutation. By de nition of C, each element in f2; 3; : : :; ng is selected at most d e times.
Then we have de ned a MLGS for each 2 S n by = Q k i=1 C i C 1 = (1; a 1 ; a 2 ; : : :; a k ) = t a k t a k?1 : : :t a 1 For i 2; let a 0 = C( ; C i ). Then C i = (a 0 ; a 1 ; a 2 ; : : :; a k ) = t a 0 t a k t a k?1 : : :t a 1 t a 0 :
All these MLGS give rise to a HMS-routing R of the n-star graph. Let us calculate the load of an edge. By proposition 3, the load of an edge e of type t r is (e) = 2 X 2Sn; 6 =id tr (R(id; )):
The generator t r appears twice in the MLGS of the permutations which satisfy r = C( ; C i ); the number of them is at most d e. It appears exactly once in the MLGS of the other permutations that do not x r. Therefore X 2Sn; 6 =id tr (R(id; )) (n ? 1)(n ? 1)! + d e:
Thus (S(n)) 2(n ? 1)(n ? 1)! + 2d e:
The lower bound follows from proposition 2.
First, we calculate n = P 2Sn; 6 =id d(id; ). The complete-transposition graph CT n is a Cayley graph on the symmetric group S n with generator set fT i;j =1 i < j ng where T i;j denotes the transposition that swaps i and j.
The following theorem shows that the edge-forwarding index of completetransposition graph achieves (within one) the lower bound of proposition 2.
Theorem 6 Proof : The proof is similar to the one of theorem 5.
In order to de ne a HMS-routing of CT n for which the load of an edge is at most the upper bound, we shall give a MLGS for any in S n . Any 2 S n can be expressed as a product of disjoint cycles : = Q k i=1 C i where, for each i 1, C i is a cycle of length at least 2. For i 1, let C i = (a 1 ; a 2 ; : : :; a k ) with k =`(C i ). Then C i = T a 1 ;a 2 T a 2 ;a 3 : : :T a k?1 ;a k :
Using this, we can express as a product of generators T i;j . The number of them is
This is a MLGS for since, from 8], this number is equal to the distance from id to in CT n .
Notice that (a 1 ; a 2 ; : : :; a k ) = (a i ; a i+1 ; : : :; a k ; a 1 ; : : :; a i?1 ) for each i, 1 i k (subscripts addition is modulo k). When`(C i ) 3, we must select among T a 1 ;a 2 ; T a 2 ;a 3 ; : : :; T a k?1 ;a k ; T a k ;a 1 the generator that has to be removed. To this aim we construct a bipartite graph B with bipartition (X; Y ).
The set X is the set of all ordered pairs ( ; C i ) where 2 S n , 1 i k and`(C i ) 3.
The number of cycles of S n of length i; i 3 is n! i(n?i)! . For a given i-cycle C there are (n ? i)! permutations having C as a factor in their decomposition as a product of disjoint cycles. Hence we obtain the number of elements in -if, for some k, ( ; C p ) and (fi; jg; k) are matched under the previous matching then C( ; C p ) = fi; jg.
-else, let i and j be two elements of C p such that C p (i) = j then C( ; C p ) = fi; jg.
The mapping C selects a pair of consecutive elements in each cycle of a permutation. By de nition of C, each pair of f1; 2; : : :; ng is selected at least b c times.
Then we have de ned a MLGS for each 2 S n by = Q k i=1 C i For i 1; let C i = (a 1 ; a 2 ; : : :; a k ) with fa 1 ; a k g = C( ; C i ):
Then C i = T a 1 ;a 2 T a 2 ;a 3 : : :T a k?1 ;a k :
All these MLGS give rise to a HMS-routing R of CT n .
The generator T i;j appears exactly once in the MLGS of the permutations verifying ( (i) = j or (j) = i) and, for all p, fi; jg 6 = C( ; C p ). There is not T i;j in the MLGS of the other permutations. The number of permutations such that (i) = j or (j) = i is 2(n ? 1)! ? (n ? 2)! = (2n?3)(n?2)!. Among these permutations there are at least b c such that fi; jg = C( ; C p ).
Therefore X 2Sn; 6 =id The lower bound follows from proposition 2.
First, we calculate n = P 2Sn; 6 =id d(id; ). 
}
Open problem : Does proposition 3 enable us to construct (almost) edgeuniform routings in other Cayley graphs of permutation group S n generated by transpositions? In particular, does such a routing exist in the bubblesort graph, i.e. the Cayley graph generated by the transpositions T i;i+1 for 1 i < n?
